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NOVIKOV INEQUALITIES WITH SYMMETRY
Maxim Braverman and Michael Farber
Abstract. We suggest Novikov type inequalities in the situation of a compact Lie
groups action assuming that the given closed 1-form is invariant and basic. Our in-
equalities use equivariant cohomology and an appropriate equivariant generalization
of the Novikov numbers. We test and apply our inequalities in the case of a finite
group. As an application we obtain Novikov type inequalities for a manifold with
boundary.
In 1981 S.Novikov found a generalization of the classical Morse inequalities to
closed 1-forms. In this paper we suggest an equivariant version of the Novikov
inequalities. We consider compact G manifold M , where G is a compact Lie group,
and an invariant closed 1-form θ onM . We assume that the form θ is non-degenerate
in the sense of Bott, and our problem is to find estimates on the topology of the
set C of critical points of θ using global topological invariants of M .
We construct the equivariant Morse counting series, which combines information
about the equivariant cohomology of all the connected components of C. Assum-
ing that the form θ is basic (cf. below) we define an equivariant generalization of
the Novikov numbers and, using these numbers, we construct the Novikov counting
series. Our main theorem (Theorem 7) states that the equivariant Morse series is
greater (in an appropriate sense) than the Novikov counting series. This statement
contains an infinite number of inequalities involving the dimensions of the equi-
variant cohomology of connected components of C and the equivariant Novikov
numbers.
We use in this paper equivariant cohomology twisted by equivariant flat vector
bundles, which is crucial for our approach. On one hand, any closed invariant
basic 1-form determines a one-parameter family of equivariant flat vector bundles,
which we use to define the equivariant generalizations of the Novikov numbers. On
the other hand we observe, that using this cohomology allows to strengthen the
inequalities considerably (cf. [BF1,§1.7].
Simple examples show, that applying the well-known equivariant Morse inequal-
ities of Atiyah and Bott [AB] to the case when the group G is finite, one obtains
the estimates, which are sometimes worse than the standard Morse inequalities
(ignoring the group action!). The situation may be improved, however, by using
the twisted equivariant cohomology. If G is a finite group, then any representation
of G gives rise to an equivariant flat vector bundle and then (applying our gen-
eral construction) to a family of inequalities. Examples show that only all these
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inequalities (corresponding to all the irreducible representations) put together give
good enough estimate of the topology of C.
As a simple application we obtain Novikov type inequalities for manifolds with
boundary.
1. Basic 1-forms. Consider a closed 1-form θ on a closed manifold M . Our
problem is to find estimates on the topology of the set C of critical points of θ by
using global topological invariants of M . Suppose that G is a compact Lie group
acting on M . We will assume that θ is G invariant, i.e. g∗θ = θ for any g ∈ G.
Moreover, we will assume that θ is basic; recall, that this means that θ vanishes on
vectors tangent to the orbits of G.
Note that any exact invariant form θ = df is basic. Also, (cf., for example,
[6, Lemma 3.4]), if M is connected and if the set of fixed points of the action of G
on M is not empty, then any closed G-invariant 1-form on M is basic.
2. Equivariant flat vector bundles. Let F → M be a flat vector bundle over
M endowed with a smooth action of G such that the projection F → M is G-
equivariant. We will assume that the action g : Fx → Fg·x is linear for any g ∈ G
and x ∈M .
The group G acts naturally on the space of differentials forms Ω∗(M,F) on M
with values in F . For any element X ∈ g, (where g denotes the Lie algebra of G)
we will denote by LF(X) : Ω∗(M,F) → Ω∗(M,F) the corresponding Lie algebra
action.
A flat bundle F → M as above, is called G-equivariant flat vector bundle if the
following two conditions are satisfied:
g ◦ ∇ = ∇ ◦ g, ∇XM = L
F(X) (1)
for any g ∈ G, and for any X ∈ g. Here ∇ denotes the covariant derivative of F
and for X ∈ g, XM denotes the vector field on M defined by the action of g. The
second condition determines the covariant derivative in the directions tangent to
the orbits.
If the group G is connected, then first condition in (1) follows from the sec-
ond. Conversely, if G is finite, the second condition in (1) carries no information.
However, these conditions are independent in general.
As an example, consider a closed G-invariant 1-form θ onM with complex values.
Consider the flat vector bundle determined by the form θ. Namely, let Eθ =M ×C
with the G action coming from the factor M and with the flat connection ∇ =
d + θ ∧ ·. This flat bundle always satisfy the first condition of (1) and it satisfies
the second condition iff the form θ is basic.
3. The pushforward. Suppose (only in this section) that the action of G on M
is free. Then the quotient B = M/G is a smooth manifold and the map q :M → B
is a locally trivial fibration. We will discuss a construction which produces a flat
vector bundle over B starting from an equivariant vector bundle over M .
Namely, let S(F) denote the locally constant sheaf of flat sections of F . Then
the direct image q∗S(F) of F is a locally constant sheaf over B. Let q∗F denote
the flat bundle corresponding to this sheaf. The group G acts naturally on q∗F
and this action is compatible with the flat structure. Moreover, the action of the
connected component G0 of the unit element e ∈ G is trivial. Thus, the bundle q∗F
splits into a direct sum of its flat subbundles corresponding to different irreducible
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representations of the finite group G/G0. The most important for us will be the
subbundle corresponding to the trivial representation; we will denote it by qG∗ F .
Note that if G is connected, then qG∗ F = q∗F . We will say that the flat bundle q
G
∗ F
is the pushforward of the bundle F .
4. Twisted equivariant cohomology. Next we define equivariant cohomology
H∗G(M,F) of M with coefficients in an equivariant flat vector bundle F . The idea
of the construction is as follows. Let EG→ BG be the universal principal bundle.
Given an equivariant flat vector bundle F overM , it induced equivariant flat bundle
p∗F over EG×M , where p : EG×M →M is the projection. Now, we want to form
the pushforward qG∗ p
∗F , where q : EG×M → EG×G M = MG is the projection
with respect to the diagonal action. The result is a flat vector bundle over the
Borel’s quotient MG. Now we define the equivariant cohomology H
∗
G(M,F) as the
cohomology of MG twisted by the flat vector bundle q
G
∗ p
∗F .
We cannot literally apply the construction of the previous paragraph since our
category is the category of smooth finite dimensional manifolds and the universal
principal bundle EG → BG is usually infinite dimensional. The problem may be
overcome by using finite dimensional approximations of EG. We refer to [6] (see
also [2]) for details.
5. Equivariant generalization of the Novikov numbers. Given an equivari-
ant flat bundle F over M and a closed basic 1-form θ on M with real values,
consider the one-parameter family F ⊗Etθ of equivariant flat bundles, where t ∈ R,
(the Novikov deformation). Here Eθ denotes the equivariant flat bundle correspond-
ing θ, cf. §2. For a fixed i consider the twisted equivariant cohomology
HiG(M,F ⊗ Etθ), where t ∈ R, (2)
as a function of t ∈ R. Then [6, Lemma 1.3] there exists a finite subset S ⊂ R such
that the dimension of the cohomology HiG(M,F ⊗ Etθ) is constant for t /∈ S and
the dimension of the cohomology HiG(M,F ⊗ Etθ) jumps up for t ∈ S. The subset
S, is called the set of jump points; the value of the dimension of HiG(M,F ⊗ Etθ)
for t /∈ S is called the background value of the dimension.
Definition. The i-dimensional equivariant Novikov number βGi (ξ,F) is defined as
the background value of the dimension of the cohomology HiG(M,F ⊗ Etθ), t ∈ R.
Here ξ denotes the cohomology class of θ. Note that a real cohomology class ξ ∈
H∗(M,R) lies in the image of the natural mapH∗G(M,R)→ H
1(M,R) if and only if
it may be represented by a basic differential form. Also the equivariant flat bundle
Eθ is determined (up to gauge equivalence) only by ξ. Thus, the equivariant Novikov
numbers βGi (ξ,F) are well defined for all classes in the image ξ ∈ im[H
1
G(M,R)→
H1(M,R)].
The formal power series
NGξ,F (λ) =
∑
i
λiβGi (ξ,F) (3)
will be called the equivariant Novikov series.
6. The equivariant Morse series. Let C denote the set of critical points of θ
(i.e. the set of points of M , where θ vanishes). We assume that θ is non-degenerate
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in the sense of Bott, i.e. C is a submanifold of M and the Hessian of θ is a non-
degenerate on the normal bundle ν(C) to C in M . Here by the Hessian of θ we
understand the Hessian of the unique function f defined in a neighborhood of C
and such that df = θ and f |C = 0.
Let Z be a connected component of the critical point set C and let ν(Z) denote
the normal bundle to Z in M . The bundle ν(Z) splits into the Whitney sum of
two subbundles ν(Z) = ν+(Z) ⊕ ν−(Z), such that the Hessian is strictly positive
on ν+(Z) and strictly negative on ν−(Z). The dimension of the bundle ν−(Z) is
called the index of Z (as a critical submanifold of θ) and is denoted by ind(Z). Let
o(Z) denote the orientation bundle of ν−(Z), considered as a flat line bundle.
If the group G is connected, then Z is a G-invariant submanifold of M . In
general, we denote by GZ = {g ∈ G| g · Z ⊂ Z} the stabilizer of the component Z
in G. Let |G : GZ | denote the index of GZ as a subgroup of G; it is always finite.
The compact Lie group GZ acts on the manifold Z and the flat vector bundles
F|Z and o(Z) are GZ -equivariant. Let H
∗
GZ
(Z,F|Z ⊗ o(Z)) denote the equivariant
cohomology of the flat GZ -equivariant vector bundle F|Z ⊗ o(Z). Consider the
equivariant Poincare´ series
PGZZ,F (λ) =
∑
i
λi dimCH
i
GZ
(Z,F|Z ⊗ o(Z)) (4)
and define using it the following equivariant Morse counting series
MGθ,F (λ) =
∑
Z
λind(Z)|G : GZ |
−1PGZZ,F(λ) (5)
where the sum is taken over all connected components Z of C.
7. Theorem. Suppose that G is a compact Lie group, acting on a closed manifold
M and let F be an equivariant flat vector bundle over M . Then for any closed
non-degenerate (in the sense of Bott) basic 1-form θ on M , there exists a formal
power series Q(λ) with non-negative integer coefficients, such that
MGθ,F(λ)−N
G
ξ,F (λ) = (1 + λ)Q(λ), where ξ = [θ]. (6)
The proof (cf. [6]) is based in its main part on the Novikov type inequalities for
forms with non-isolated zeros, obtained in [4,5].
Consider the case when G acts freely on M . Then the basic form θ defines
a closed 1-form θ′ on M/G. It is straightforward to see, that in this case the
inequalities of Theorem 7 (with F being the trivial line bundle) reduce to the usual
Novikov inequalities with respect to the form θ′ on the quotient manifold M/G. In
particular, we see that in this situation the equivariant Novikov numbers βGi (ξ,F)
vanish for large i.
Note that in the case of a (non free) circle action G = S1, the equivariant Novikov
numbers βGi (ξ,F) for large i are two-periodic and coincide with the sum of even or
odd (depending on the parity of i) usual (i.e. non-equivariant) Novikov numbers of
the fixed point set; to see this one uses the localization theorem.
An application of Theorem 7 for symplectic torus actions is given in [6].
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8. The finite group case. The rest of this paper is devoted to illustrations
of Theorem 7 in the case when the group G is finite. In this situation, one can
explicitly calculate the equivariant cohomology in terms of the action of G on the
usual cohomology.
Let ρ : G → End Vρ be a representation of G on a finite dimensional complex
vector space Vρ. Consider the bundle Fρ = M × Vρ over M with the trivial con-
nection and with the diagonal G action. It is an equivariant flat bundle over M ,
which is trivial as the flat bundle but it may be not trivial as an equivariant flat
bundle. We will apply Theorem 7 with the bundle F = Fρ.
The twisted equivariant cohomology H∗G(M,Fρ ⊗ Etθ) can be calculated as
H∗G(M,Fρ ⊗ Etθ) = HomG
(
V ∗ρ , H
∗(M, Etθ)
)
. (7)
Here V ∗ρ denotes the representation dual to ρ; the cohomology H
∗(M, Etθ) is con-
sidered with its induced G-action.
For an irreducible representation ρ the equivariant Novikov number βGi (ξ,Fρ) =
βGi (ξ, ρ) equals to the background multiplicity (i.e. generic with respect to t) of
V ∗ρ in the decomposition of H
i(M, Etθ). The equivariant Poincare´ series (4) can be
calculated using a formula similar to (7) in terms of the action of G on the usual
cohomology. We will denote MGθ,Fρ(λ) = M
G
θ (λ; ρ) and N
G
ξ,Fρ
(λ) = NGξ (λ; ρ) and
view them as functions of two variables: λ (which will be formal) and ρ (which
will run over the set of irreducible representations of G). Applying Theorem 7, we
obtain
MGθ (λ; ρ)−N
G
ξ (λ; ρ) = (1 + λ)Q(λ; ρ) (8)
where ρ is an irreducible representations of G and Q(λ; ρ) denotes a polynomial
in λ with non-negative integral coefficients for any ρ. We may view the last state-
ment as establishing one family of inequalities of Novikov type for any irreducible
representation ρ.
The inequalities of M.Atiyah and R.Bott [1] correspond (in the case ξ = 0) to
the inequalities (8) with ρ the trivial representation. The usual (non-equivariant)
Novikov inequalities [7,8] correspond to the regular representation in (8). Using
these remarks, one may construct very simple examples (one and two dimensional!)
such that the non-equivariant inequalities are better than the inequalities of [1].
9. Novikov inequalities for manifolds with boundary. Our strategy will be
to reduce the problem on a manifold with boundary to a problem on the double
with its natural Z2 action. From section 8 we know that we should expect two
families of inequalities – since there are two irreducible representations of Z2.
Let M be a compact manifold with boundary Γ = ∂M and let θ be a closed
1-form on M . We will denote by C the set of all critical points of θ. We will
suppose that θ|int(M) and θ|Γ are both non-degenerate in the sense of Bott (cf. §6)
and that any critical point of θ|Γ is a critical point of θ as well. Additionally, we
will suppose that for any connected component Z ⊂ Γ of the critical point set of
θ|Γ holds either
(1) Z is nondegenerate as a critical manifold of θ, or
(2) Z is the boundary of a connected component Z ′ ⊂ C such that Z = Z ′ ∩ Γ
and the intersection Z ′ ∩ Γ is transversal.
If the first possibility holds, then the Hessian hθ(·, ·) of θ is a nondegenerate
quadratic form on the normal bundles to Z in M and in Γ and so there exists a
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unique nonvanishing vector field X on Z normal to Γ such that hθ splits as a direct
sum: hθ(X, Y ) = 0 for any Y ∈ TΓ. The function hθ(X,X) is everywhere positive
or negative on Z; we will call the corresponding component Z ⊂ Γ ∩ C positive or
negative respectively.
Represent C as the union of 4 disjoint submanifolds Cin ∪C+ ∪C− ∪Cbd, where
Cin denotes the union of the connected components of C which do not intersect
Γ, Cbd denotes the union of the components which are manifolds with nonempty
boundary, and C± denotes the union of the positive (negative) components in Γ
(as defined in the previous paragraph).
For simplicity we will assume that M and all submanifolds Z ⊂ C are orientable
– without this assumption the notations will be more complicated.
For any connected component Z ⊂ C denote by ind+(Z) and ind−(Z) the dimen-
sions of the positive and the negative subbundles ν+(Z) and ν−(Z) of the normal
bundle ν(Z) in M correspondingly, compare §6. Now we will define two Morse
counting polynomials
M±θ (λ) =
∑
Z⊂Cin∪Cbd∪C±
λind±(Z)PZ(λ), (9)
where PZ(λ) =
∑
λi dimHi(Z, o(Z)) is the Poincare´ polynomial of Z; in this
formula Z runs over the connected components contained in Cin ∪Cbd ∪C+ in the
case of + and contained in Cin ∪ Cbd ∪ C− in the case of −.
The Novikov numbers βi(ξ) will be defined as the background values of the di-
mension of Hi(M, Etθ), cf. §5. Here ξ ∈ H
1(M,R) denotes the class of θ.
10. Theorem. Under the assumption described above holds
Nξ(λ)−M
±
θ (λ) = (1 + λ)Q
±(λ), where Nξ(λ) =
∑
λiβi(ξ), (10)
where Q±(λ) are polynomials with nonnegative integral coefficients.
Note that in the case of a closed manifold, these two statements (for ± equal
to + and − correspondingly) are equivalent (as follows from Poincare´ duality), but
for the case of manifolds with boundary they are independent.
The proof of Theorem 10 follows by applying Theorem 7 to the double D(M),
two copies of M glued along the boundary Γ. The double D(M) has the natural
Z2 action. Using our assumptions on θ we may construct an appropriate invariant
1-form θ˜ on D(M) and then use Theorem 7. The computation of the twisted
equivariant cohomology of the double is based on the following simple Lemma:
Lemma. Let E → D(M) be a flat Z2 equivariant vector bundle over the double
of a compact manifold with boundary. Suppose that the action of Z2 on E|∂M is
trivial. Then the twisted equivariant cohomology Hi
Z2
(D(M), E ⊗Fρ) is isomorphic
to Hi(M, E|M), if ρ is the trivial representation, and to Hi(M, ∂M, E|M), if ρ is
the not trivial irreducible representation of Z2.
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